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A two~band ~pherical model is use.d to represent the conduction electrons of the nonmagnetic transition 
~etals wIth an mco~'plete d shell. It ~s shown. by comparison with experimental results that phonon-induced 
mterband s-d transItions are the major contrIbutor to the electrical and thermal resistivities p and W at all 
but the lowest temperatures. Consequently, the momentum gap between the sand d bands is an important 
?arameter of the the0I?' and may be used to classify t~e.behavior of p and W. At the lowest temperatures it 
~s ~ound that the experImental data for p of all the transItIOn metals studied may be consistently interpreted if 
It IS assumed that electron-electron scattering processes are important. 

I. INTRODUCTION 

T HE nonmagnetic transition metals with incom­
plete d shells show a considerable variety in their 

low-temperature transport properties.1 Since Mott's 
work2 thirty years ago it has been realized that the 
existence of both a conduction band and an unfilled d 
band in these metals makes the electron scattering con­
siderably more complex than for the monovalent metals. 

In the ideal case (Le., pure metals) there are two 
principal scattering mechanisms. First, conduction 
electrons are scattered by interaction with phonons. 
The phonons scatter electrons within each band and 
they also scatter electrons from one band to the other. 
The contribution to the resistivities from each process 
has it's own characteristic behavior. At low tempera­
tures, for example, the intraband transitions contribute 
a term to the electrical resistivity a: TO while interband 
transitions contribute a term a: T3. These s-d transitions 
are thought to give the main contributions to the elec­
trical and thermal resistivities p and W at room tem­
peratures.3 At the lowest temperatures the contribution 
to p and W from phonon scattering of electrons will 
depend on the Fermi surface geometry. If the sand d 
surfaces do not intersect, then there will be a minimum 
wave vector for phonons which can induce s-d transi­
tions, and below some characteristic temperature T m, 
p and W will decay exponentially. 
i Second, the conduction electrons may be scattered 
by Coulomb interaction with one another. This mecha­
nism gives rise to a significant resistivity only when s 
electrons are scattered by more "massive" d electrons' 
for it is only then that a momentum change in th~ 
current-carrying s electrons is effected. Baber4 and, 
more recently, Appe15 have calculated the contribution 
due to such a mechanism with the result that Pe_. X T2. 
However, the only nonmagnetic transition metals for 
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which p.displays a T2 dependence are W, Nb, Pd, and 
Pt, and It has not been clear that electron-electron scat­
tering processes are important in the other transition 
metals. 

The low-temperature behavior of the resistivities of 
the nonmagnetic transition metals is, then, determined 
by the sum of three characteristically different processes 
with their relative importance depending on the band 
structure of each metal. Since the band structure of 
these metals may differ greatly from one another it is 
not surprising that the behavior of p and W is so varied 
among them. 

It seemed useful to attempt to separate the effects of 
the competing scattering mechanisms and to relate the 
differences in the transport properties of the transition 
metals to some parameter in a simplified model con­
sis~ing of two spherical energy bands. This paper de­
scnbes the results of such an attempt. The results of this 
investigation suffer the main limitation that umklapp 
processes have been neglected. Furthermore our treat­
ment is to be taken as phenomenological i~ that it is 
as~umed tha~ the Bloch-Grlineisen function appro­
pnately descnbes the effects of intraband s-s transitions 
over the entire temperature range considered and that 
the Debye temperature is constant. While it is known 
th~t there ~re monovalent metals, e.g., rubidium, for 
whIch p deVIates from the Bloch-Grlineisen function at 
low temperatures and that the effective Debye tempera­
ture is not strictly constant, we believe that the results 
of this investigation are at least qualitatively correct 
and indicate the relative importance of the three scat­
tering processes mentioned. 

In Secs. II and III of this paper, the data of White 
and Woods for p and W, respectively, are shown to be 
reasonably well fit by using a two-band model. The 
momentum gap between the Fermi surfaces of the sand 
d bands is used as a variable parameter. It is found that 
the temperature dependence of p and W obtained with 
this model displays the essential features of the experi­
mental data if the momentum gap parameter is appro­
priately chosen and if it is assumed that electron-
electron scattering processes are important in all of the 
transition metals at lowest temperatures. 
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II. THE ELECTRICAL RESISTIVITY 

It is assumed that the conduction electrons of the 
transition metals may be represented by two spherical 
bands with effective masses m. and md, that is 

E(k,s) = h2k2/2m. 

E(k,d)=A- (h2k2/2md). 

Electron-phonon scattering. Wilson calculated the 
electrical resistivity due to phonon scattering with such 
a model. In order to make the problem tractable he 
assumed that the phonons and the d electrons remain in 
thermal equilibrium. The resulting expression for the 
resistivity is given by 

x {2_tn_l(~)2J5(8D)+_W_~_d_P_'d 
8D T m SP 88 

Here n is the effective number of s electrons per atoms, 
Wd is the effective degeneracy number of the d band, 
p •• and p.d are the matrix elements for phonon induced 
s-s and s-d transition, respectively, EF the Fermi 
energy, 8D the Debye temperature, and ME is the mini­
mum energy of phonons that can induce s-d transitions. 
The functions J,,(x) are the well-known transport inte­
grals defined by 

In this investigation values for Ja(x) and Jo(x) were 
required over the range 0.05 (x< 1.0 in small incre­
ments of x. Existing tables give only a few values in this 
region and it was necessary to construct a more com­
plete table which we present as Table 1. The first term 
in the above expression for ppho(T) is the Bloch­
Gruneisen function Ps-s(T) which contains the effects 
of s-s transitions, while the remaining terms Ps-d(T) 
are due to s-d transitions. 

Near the Debye temperature, PS-8 and P8-d are pro­
portional to T. ps-d, however, is larger than PS-8 by a 
factor ,,{=wdmdPsd/msPss, which is of the order of 10.6 

This result has been given the physical interpretation 
that the d band acts as a trap with a high density of 
states into which s electrons are scattered and lost from 
the current. In any given low-temperature range, e.g., 
0.OS<T/OD<0.1; whether s-s or s-d processes are 
dominant depends critically on the parameter OE. 

6 An estimate of 'Y is obtained from electronic specific heat data 
if it is assumed that P.d=P ... 

TABLE I. Values of In(x). 

x Ja(x) J,(x) 

1.0 0.480 0.237 
1.4 0.905 0.863 
1.8 1.423 2.204 
2.2 2.001 4.529 
2.6 2.606 8.027 
3.0 3.211 12.771 
3.4 3.790 18.710 
3.8 4.329 25.685 
4.2 4.815 33.457 
4.6 5.244 41.747 
5.0 5.614 50.263 
5.4 5.928 58.736 
5.8 6.190 66.936 
6.2 6.406 74.678 
6.6 6.581 81.835 
7.0 6.721 88.326 
7.4 6.833 94.113 
7.8 6.921 99.194 
8.2 6.990 103.596 
8.6 7.044 107.362 
9.0 7.085 110.547 
9.4 7.117 113.214 
9.8 7.141 115.426 

13.0 7.20- 123.14 
20.0 7.21- 124.43 

It is thus convenient to construct an analysis of 
ppho(T) which separates the contributions from s-s and 
s-d scattering in some simple way and at the same time 
points up the effects of the momentum gap. This is 
achieved by projecting out the temperature dependence 
of Ps_.(T) in a renormalization of ppho(T) such that the 
contribution from intraband scattering is a constant. 
In this way we define 

ppho(T) 

= ppho(T) (m.Pss/w~dPsd)/ (T 18D)·J • (8DIT) 

[ 

2-in-i Ja(8DIT)-Ja(8E/T)] 
= const. + (1) 

W~dP8dlm8PS8 (TI8D)2J6 (8DIT) 

=const.[ps-s+P8-d(T)]. 

As Ps-s~lo and P8_d(OD)~10, ppho(OD)~const.X 
P8-d(8D). The constant of proportionality is removed by 
writing 

ppho(T) Ps-s Ps-d(T) 
---+--­

ppho(8D) Ps-d(OD) Ps-d(OD) 
(2) 

Electron-Electron scattering. The electron-electron 
scattering mechanism contributes a term to the re­
sistivity pe-e which is proportional to P. This term may 
then be a significant fraction of the total resistivity only 
at very low or very high temperatures. It is a good ap­
proximation to set 

Ptotal(8D) = P8-d(8D). 

In the renormalization scheme, the contribution of 

Downloaded 02 Jul 2010 to 209.2.234.222. Redistribution subject to AIP license or copyright; see http://jap.aip.org/jap/copyright.jsp



2456 L E R:O:Y COL QUI T T, JR. 

10r.-------,--..,...., 

c • • 
~ 
.::- 1.0 
t: 
Iii: 

.t. V 
e Nb 
aPe! 
VI Ti 
• Hf 
... Mo 

FIG. 1. White and Woods data for the ideal resistivity of metals 
with small and intermediate gap parameter plotted in renormal­
ized form "P.(T) =p(T).xp/(T /8D) 6J6 (fJn/T). The solid curves are 
the theoretical contributions to the renormalized resistivity from 
phonon-induced s-d transitions [Ps_d(T)/p._d(8D)] with the gap 
parameter 8E/8D given to the right. 

Pe-e to Ptotal(T) is given by 

Pe-e(T) ']'2 const. 

Ptotal (8D) (T /8D)5J S(8D/T)p.-d(8D)· 

In the range T/8D<O.1 this term is proportional to 
T-a. 

In principle, an estimate of the constant of propor­
tionality could be obtained by fitting the experimental 
data. However, little is known about electron-electron 
scattering processes and such an estimate would serve 
little purpose. For example, no one has calculated the 
effects of electron-electron scattering when the initial 
states are [s,d] or [s,s'] and the final state [d',d"] 
These effects of these processes would be of the order 
md/m. larger than the [s,d] -t [s',d'] processes com­
puted by Baber. 

Comparison with experimental results. The data of 
White and Woods for some of the nonmagnetic transi­
tion metals are plotted in Figs. 1 and 2 in the renormal­
ized scheme. It is noted that as Pexp(T)/ Pexp(8D)?::' 1 we 
may conclude from Eq. (2) that the effects of intraband 
scattering are negligible and the total resistivity is a 
sum of only p.-d and Pe-e. 

The data for V, Nb, and Pt are shown in Fig. 1 to be 
well fitted by p.-d(T) alone down to T/8D=O.05 using 
8E/8D=O.1. Below this temperature the momentum gap 
becomes effective in inhibiting s-d transitions and ps-a 
is proportional to e-TmIT• The fact that the temperature 
dependence of P8-d, for 8E/8D=O.1, is not significantly 
different from Pe-e to be sufficiently dominant below 
T/8D=O.05 means that Ptotal 0:: Pe-e. 

The data for Hf and Mo, on the other hand, display 
the characteristics of metals with slightly larger gap 
parameters, e.g., 8E/8D=OA, down to T/8D=O.1. Below 
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FIG. 2. Experimental data for the ideal resistivity of metals with 
large gap parameters plotted in renormalized form. The solid 
curves are the contributions from s-d transitions with IJE/8D=O.7 
and the contribution from electron-electron scattering. 

this temperature Pexp(T) deviates upwards from Ps-d(T) 
as the electron-electron term becomes important. 

The data for tungsten show, in Fig. 2, that near the 
Debye temperature Pexp(T) is monotonically decreasing 
as is characteristic of metals with 8E/8D?::,O.7. For gap 
parameters this large, s-d transitions are significantly 
inhibited even near the Debye temperature. Conse­
quently, at T/8D=O.05, s-d effects are so depressed that 
electron-electron scattering effects are dominant and 
Ptotal = Pe-e. 

Similar estimates of the gap parameter 8E/8D are 
made for the other metals and the results presented in 
Table II. 

III. THE THERMAL RESISTIVITY 

The thermal resistivity of the transition metals was 
computed for the two-band model described in Sec. II, 

TABLE II. Estimates of the momentum gap I?arameter 8E/8D" 
obtained from electrical and thermal resistance data. 

Estimate obtained Estimate obtained 
Metal from p from W 

Pd S S 
Pt S S 
Nb S S 
Ta S S 
Mo I I 
Ti I I 
Os I I 
Ru I I 
W I I 
V S I 
Hf I L 
Zr L S 
Ir L L 
Rh L L 

• ~B/~D is taken as large (L), intermediate (I), and small (8) accordingly 
as 9B/9D>0.5; <0.5, >0.3; <0.3. 
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using the variational principle of Kohler7 and of Sond­
heimer.8 The application of this method to solve the 
linearized Boltzmann equation involves a somewhat 
lengthy calculation. As the method is outlined by 
Wilson,9 we merely quote the results: 

X G[J~C;)-J5C;)] 

+2:[JaC;)- JaC;)]} ). 
_ Wpho(T) (3m.P •• /2mawdP.d) 

Wpho(T) 
(T /OD)2J5«(JD/T) 

The first three terms of this expression are the well­
known results of the Bloch theory. The remaining terms 
are the contributions of interband scattering. 

It is a good approximation to neglect the terms 

2- i n-J(T /OD)2[!n-2 J S(OD/ T)-V 7 «(JD/ T) ] 

wi th respect to the remaining terms in the expression 
for Wpho(T). In the low-temperature region these terms 
are depressed by a factor of (T /OD)2 and near the Debye 
temperature they are less than the terms due to s-d 
scattering by a factor of wdffldP.d/m.P ... 

Near the Debye temperature Wpho(T) 0: (T/OD)2 
XJa(OD/T), which is in agreement with the empirical 
formula used by White and Wood to fit their data. 
This result may also be obtained by using Wilson's ex­
pression for Ps-d(T) and invoking the Wiedemann­
Franz law. At low temperatures the momentum gap 
becomes important in determining the temperature be­
havior of Wpho(T) and it is convenient to renormalize 
Wpho(T) by projecting out the temperature dependence 
of intraband effects. Thus we define 

[ 
2-1n-J r[J3«()D/T)-Ja«();g/T)J+[J5(OD/T)-JO(OE/T)]] 

=const. +-------------------
HWdffldP.d/m.P •• ) J 5«()D/T) 

=const.{W._.+ W._d(T)}. 

As W._."" l~ and W.-d«()D) "" 20 it is a good approxima­
tion to write Wpho(OD) = constant W.-d(OD); hence, the 
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FIG. 3. Theoretical contribution of phonon-induced s-d transi­
tions to the thermal resistivity, W._d(T), plotted in renormalized 
form W.-<i(T)=W._d(T)/(T/(JD)2Jr.«(JD/T) for various values of 
the parameter (JE/(JD. 

7 M. Kohler, Z. Physik 124, 772 (1948); 125, 679 (1949). 
8 E. H. Sondheimer, Proc. Roy. Soc. (London) A203" 75 (1950). 
9 A. H. Wilson, The Theory of Metals (Cambridge University 

Press, Cambridge, England, 1953), 2nd ed., Chap. 10. 

constant of proportionality may be removed by writing 

Wpho(T) W._. W.-a(T) 
- ---+ - . 

Wpho«()D) W(OD) W.-d«()D) 

In Fig. 3, W._d(T)/W o-d«()D) is displayed for various 
values of the parameter OE!()D. Electron-electron proc-
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FIG. 4. Experimental data for the ideal thermal resistivity for 
metals with small gap parameter plotted in renormalized form 
along with the theoretical contribution due to s-d transitions using 
8g/0D=0.1. 
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FIG. 5. Experimental data for the ideal thermal resistivity for 
metals with intermediate gap parameter plotted in renormalized 
form along with the theoretical contribution due to s-d transitions 
using 8E/8D=O.5. 

esses contribute a term W e- e ex: T. However there are 
sufficient differences in the behavior of Wpho(T) above 
T jOD= 0.1, where electron-electron scattering processes 
are small, that we may obtain a classification of 
Wexp(T) using the phonon part alone. 

Comparison with experiment. In Figs. 4, 5, and 6 data 
for some of the transition metals are plotted in the re­
normalized scheme along with the theoretical curves of 
W._d(T). The data are seen to be reasonably well fit 
above TjOD=O.l with W._d(T) alone. Below this tem­
perature the deviation of the data from W._d(T) is 
assumed to be due to We_e(T).In this wayan estimate 
of the gap parameter OE/OD is obtained for each metal 
and the results are listed in Table II. 

IV. DISCUSSION 

The results of this investigation show that phonon­
induced s-d transitions are the major contributor to the 
electrical resistivity at all but the lowest temperatures 
where electron-electron scattering is assumed to be im­
portant (phonon-induced intraband scattering being 
negligible at all temperatures). Consequently, the mo­
mentum gap between the sand d bands must be con­
sidered an important parameter of the theory. 

The estimates of the gap parameter obtained from 
P and W independently for metals which are good con­
ductors are consistent within the limits of our classifi­
cation. Because of the crudeness of the spherical model 
and the neglect of umklapp processes this result is 
perhaps a bit surprising. Nevertheless, it seems to indi­
cate that there is an effective gap expressed by the 
parameter OE which is characteristic of each metal. It 

IO..--------~-~ 

'?, 
~ 
!~-

;:-0.1 
t: 0 

l~-
G 

0 
e W 
o Rh 
El Ir 

0 

I!l 

0.01 
T
/SD 

1.0 

FIG. 6. Experimental data for the ideal thermal resistivity for 
metals with large gap parameters plotted in renormalized form 
along with the theoretical contribution due to s-d transitions 
using 8E/()D=O.7. 

is probable that the size of this parameter is a reflection 
of an average Fermi surface property and, in the case 
of simply connected Fermi surfaces, umklapp processes. 

Finally, it should be mentioned that this analysis 
permits one to see some order in the experimental data 
that might have otherwise been obscured. For example, 
the fact that Nb, Pd, Pt, and Ware the only metals for 
which P is proportional to T2 at lowest temperatures 
may be attributed to the fact that these metals have 
very small or very large momentum gaps between their 
sand d bands. This allows Pe-e to either fit on smoothly 
to Pe-d or to dominate it completely. Although the other 
metals show no such low-temperature behavior, we 
believe that electron-electron processes are also opera­
tive in these materials. As a case in point, the data for 
Mo in our renormalized scheme show that Pexp(T)/ 
Pexp(OD) is approximately constant or that Pexp(T) 
ex: (TjOD)5J5(8DjT), from (T/8D) = 1 to (T j8D) ",,0.06. 
Since this is the Bloch-Griineisen function, one might 
be led to believe that intraband scattering is important 
throughout this range despite the fact that Pexp is an 
order of magnitude too large. Our analysis shows that, 
on the contrary, this result is fortuitous and is due to an 
interplay of the effects of interband and electron­
electron scattering processes. 
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